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It is shown that every continuous a-positive-definite function is w-positive- 
definite, where w denotes the multiplier occurring in the canonical com- 
mutation relations and o denotes the real part of o. 
1. INTRODUCTION 
Let G be a group, and let T be a complex-valued function on G x G. A 
complex-valued function f on G is said to be r-positive-dejnite if for arbitrary 
complex numbers z1 ,..., x, and elements g, ,..., g, of G we have 
A function which is positive-definite in the classical sense is thus l-positive- 
definite, where 1 is used to denote the function whose value at each point of 
G x Gis 1. 
Consider now the additive group of a real vector space L, equipped with a 
skew-symmetric bilinear form M which is nondegenerate in the sense that for 
an arbitrary nonzero E EL there exists a vector v EL such that M(.$, r)) is 
nonzero. A representation of the canonical commutation relations (RCCR) 
on L is a map W, from L to the set of unitary operators in a complex Hilbert 
space $3, satisfying the equation 
w(t) WI) = f-45>?) wt + 7) (57 ?1 EL) 
where 
46 rl) = expW(& dl. (1) 
W is continuous if its restriction to each finite-dimensional subspace of L is 
weakly continuous in the sense of the natural vector topology of the subspace, 
and cyclic, with cyclic vector x E !Fj if the linear span of {W(t) x; f EL} is 
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dense in fi. Generalising a well-known result for representations of groups, 
Araki [I] showed that the equation 
establishes a one-to-one correspondence between the set of unitarily in- 
equivalent cyclic RCCR’s W, with specified cyclic vector x, and the set of 
. . 
w-posarve-definite functions f on L. In this correspondence continuous 
representations are associated with functions which are continuous on finite 
dimensional subspaces of L; we refer to such functions as continuous. 
If W is a RCCR then clearly 
where 0 denotes the Jordan (symmetrised) operator product, 
and 
AoB=g(AB+BA), 
If x is a vector in the representation space of W then it is easily seen from (2) 
that the function 
f(5) = W(5)% 4 
is u-positive-definite. It follows, using Araki’s result, that every w-positive- 
definite function is u-positive-definite, a result that can also readily be 
verified directly. The purpose of this paper is to establish the following 
theorem in the converse direction. 
THEOREM. Let L be a real vector space, equipped with the nondegenerate 
skew-symmetric bilinear form M. Then if W, a are de@ed by 
~(6 7) = evW(b 4>, u(5,rl) = ~0s M(& d, 
ewery continuous u-positive-dejnite function is w-positive-definite. 
2. PRELIMINARIES 
LEMMA 1. Let f be u-positive-dejinite. Then for all e EL 
J(-- n =f(l). 
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Proof. For arbitrary (r , es EL the 2 x 2 matrix 
[4kl = [f 6 - be) 4& > - &c)l 
is non-negative-definite, and hence in particular Hermitian. Equating A,, 
and A,, , 
f  (5, - 5,) u(5, > - 6,) =J (62 - 6,) $5, , - 5,). 
Setting 
61 = 6, &? = 0 
gives the result. 
LEMMA 2. Let f  be u- (respectively, W-) positive-definite and let g be a 
I-positive-definite function on L. Then fg is u- (respectively, w-) positive- 
dejkite. 
Proof. If f  is u-positive-definite and g is l-positive-definite then for 
arbitrary f1 ,..., 4, EL the matrices 
L%cl = [ f  (6 - 54 u(& , - &)I> C4kl = MS9 - cc4 
are non-negative-definite. As is well known, it follows that their entry-by- 
entry product 
is likewise non-negative-definite. This implies that fg is u-positive-definite. A 
similar argument holds if u is replaced by W. 
LEMMA 3. Let f  be u-positive-definite. Then f  is u-positive-dejinite. 
Proof. Since u is real-valued the non-negative-definiteness of the n x n 
matrix 
[&I = [ f  (6 - &) u(& > - &)I 
implies that of its complex conjugate which is 
L&l = [/‘(f-j - &;c) 45 3 - &Jl. 
This yields the result. 
LEMMA 4. Let f  be a function continuous onfinite dsinensional subspaces of L. 
Suppose that there exists a real number h such that f  + hf, is w-positive-definite, 
where fO is defined by 
Then f  is w-positive-&$nite. 
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Proof. We must prove that for arbitrary complex numbers zr ,..., z, , 
and arbitrary [r ,..., &, EL, 
We may assume without loss of generality that [r ,..., t,, are distinct. Let N be 
an arbitrary natural number. Let JV be a neighborhood of the origin in the 
fmite dimensional subspace L, of L spanned by 5r ,..., & . Since fI ,..., &, 
are distinct we can find vectors q ,..., l N in JV such that 
5j + % f 57s + % (4) 
unless both 
j = k, r = s. 
We now define nN complex numbers wr ,..., Wan, and associated vectors 
71 >.+., %N by 
eu, = %,+1, Ilr = &7f+l + El++1 (Y = I,..., nN), 
where 
r--l=pt+!l, (0 < qr < n). 
Since f + hf, is w-positive-definite, we have 
0 G : wufh - 178) + ~fdrlr - 7s)) 4% 
7.5=1 
=hNf Iz,12+ y w&f h - %I 4% ! 
Li=l +.8-l 
where we have used the fact that 
- 7s) 
(5) 
- %h 
which follows from (4). But f and w are continuous, so that for arbitrary 
E > 0 we can choose Jlr such that 
and hence the second term in (5) can be made to differ arbitrarily little from 
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It follows that for every natural number N, 
Clearly the coefficient of N2 must be non-negative, yielding the required 
result. 
3. PROOF OF THE THEOREM 
It follows from the fact that every finite dimensional subspace of L can be 
embedded in a finite dimensional subspace on which M is nondegenerate 
that it is sufficient to prove the Theorem under the additional hypothesis that 
L itself is finite dimensional. Thus, let f be a continuous a-positive-definite 
function on the finite dimensional space L, equipped with the nondegenerate 
skew-symmetric bilinear form M. We must show that for arbitrary complex 
numbers z1 ,..., a, and arbitrary f1 ,..., &, EL, 
(6) 
The continuity off and of w imply that in order to establish (6) in all 
generality it suffices to consider only the case when I, ,..., f, are rationally 
linearly independent, i.e., are such that 
ml& -I- . . . -I m,L # 0 
for arbitrary integers m, ,..., m,, , not all zero. Assuming this to be so, we 
claim that there exists a vector &, such that the real numbers 0, = M(& , &), 
j = l,..., 71 are rationally linearly independent. Indeed for each n-tuple of 
integers m, ,..., m, not all zero, the set 
is a proper subspace of L (since M is nondegenerate) and hence is nowhere 
dense in L. Since there are countably many such sets, their union is also 
nowhere dense. An arbitrary vector &, outside this union has the required 
property. 
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Using the bilinearity and skew-symmetry of M we have now that for arbi- 
trary real t 
where 
q(t) = 2jPj (j = l,..., la), 
630 = 5, + Gl * 
(8) 
Let E > 0 be given. The rational linear independence of 0, ,..., 0, implies that 
of elIen ,..., 6’,-r/e, , 1. It follows from Kronecker’s theorem [2] that for 
arbitrary real numbers a, ,..., a,, there exist integers m, m, ,..., m,+, such 
that 
me. --L-q-mm, <L 
4 2rr 
(j = l,..., 12 - 1). (9) 
We take 
a 
5 
= arg 2ne5 - arg z5en 
2?Ten * 
Then from (9) we obtain 
(2rrm - arg 2,) e, 
en 
+ arg zj - 2nmj < E (j = l,..., n - 1). (10) 
We now set 
t = (2m - arg 2,) 
en * 
Then from (8) and (10) we have 
while 
Hence 
I arg a;(t)1 < c (j = l,..., tt - 1) 
arg z,(t) = 0. 
I r,(t)l d E I ~5(~)l = E I a; I (j = I,..., 12 - I), (11) 
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where rj(t) is the imaginary part of 
zj(t) = xj(t) + Q+(t). (12) 
Let us now assume that f is real-valued. Then using (12) the real-valued 
expression (7) becomes 
Since Re w = u, and f is by hypothesis a-positive-definite, the first sum is 
nonnegative. Using the boundedness as functions of t of xj(t), of 
f W) - 5&N and of 1 m w(Ei(t), - e,(t)), together with (1 I), we see that 
the second term can be made arbitrarily small in absolute magnitude. It 
follows that the expression (7) is non-negative. 
The Theorem is thus proved in the case when f is real-valued. We now 
consider the general case. Let t* be an element of the dual space L* of L, and 
denote by t*[ the value of the linear functional f* at [. Then the functions 
are l-positive-definite functions on L. Hence by Lemma 2 and Lemma 3 the 
functions 
f  z,(5) = e@‘*Yf(t), f&(t) = epgiE*Y(- 5), 
are u-positive-definite, and hence so also is 
f,.(t) = e’“‘*y(LJ) + e-iie*Ff(-- 5). 
Using Lemma 1, the latter is seen to be real-valued, and we may thus con- 
clude that it is w-positive-definite. Applying Lemma 2 again, it follows that 
for all 5* EL* the function 
g&) = r&!)f&) =f(5) + edie*Ef(- f) 
is w-positive-definite. Now let fry,..., eN* be a basis of L*. Then for each 
natural number II, the function 
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is w-positive-definite; moreover as n tends to infinity g, converges pointwise 
to the limit f + f. , where f. is defined as in Lemma 4. Since the pointwise 
limit of a sequence of w-positive-definite functions is clearly itself w-positive- 
definite, an application of Lemma 4 completes the proof of the Theorem. 
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